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WEAK SOLUTIONS OF THE GELLERSTEDT
AND THE GELLERSTEDT-NEUMANN PROBLEMS
BY
A. K. AZIZ AND M. SCHNEIDER

ABSTRACT. We consider the question of existence of weak and semistrong solutions
of the Gellerstedt problem

ur urur, =0
and the Gellerstedt-Neumann problem
(dyu=k(y)u dy = uydxly, = 0. ulr,or, = 0)
for the equation of mixed type
Llu]=k(y)u, +u, +Au=f(x,y)., A=const<0

in a region G bounded by a piecewise smooth curve T} lying in the half-plane y > 0
and intersecting the line y = 0 at the points A(-1,0) and B(1,0). For y <0, G is
bounded by the characteristic curves y,(x < 0) and y,(x > 0) of (1) through the
origin and the characteristics ' and T, through 4 and B which intersect y, and vy, at
the points P and Q, respectively. Using a variation of the energy integral method, we
give sufficient conditions for the existence of weak and semistrong solutions of the
boundary value problems (Theorems 4.1, 4.2, 5.1).

1. Introduction. We consider the question of existence of weak solutions for the
following boundary value problems of mixed type. Let

(1.1) Llu] = k(y)ug, + u,, + Au=f(x, y),
in a bounded simply connected region G in R?, where

sgnk(y)=sgny, k(y)e C’G)nCHGN{y<0y,

1.2
(1-2) A = constant <0, f(x,y) € L*(G).

The region G is bounded by a piecewise smooth curve I, lying in the half-plane
» > 0 and intersecting the line y = 0 at the points A(-1,0) and B(1,0). Fory <0, G
is bounded by the characteristic curves y,(x < 0) and y,(x > 0) of (1.1) through the
origin and the characteristics I'; and T, through 4 and B which intersect v, and v, at
points P and Q, respectively.

The boundary value problems treated in this paper may be stated as

(1.3) L(u)=f inG, ulr‘oul‘,uI}:O’

(14) L(u)=f inG, d,,u=k(y)uxdy—u_‘.dx[ro=0, “|r,ur2=0~
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In the literature many authors have dealt with the question of existence and
uniqueness of classical solutions for the boundary value problem (1.3) (e.g. [3, 4. 5,
7). In [6] sufficient conditions are given for the existence of a weak solution of (1.3)
for the special case when A = 0 and the curves I', and I}, are not characteristic. In
the present paper, using a variation of the well-known energy integral method, we
give sufficient conditions for the existence of weak solutions to boundary value
problems (1.3) and (1.4). We also briefly indicate how to obtain sufficient conditions
for the existence of semistrong solutions for our boundary value problems.
2. Mathematical preliminaries. Let
Wm2(G) = {ulu e L*(G), Du € L*(G), |a| < m}

be the Sobolev space with norm || - ||,,, and inner product (-, -),,. Following [2, p. 79],
we denote by Wz3(G, bd) the closure of the function space

W(ZG'Z)(G’bd) = {ulu € C*(G), “lrour,ur2 = O}
with respect to the norm || - ||,. We associate with the formal adjoint operator
L'v:= k(y)o, + v, + Av
of L the adjoint function space
W22(G,bd") = { vlv € W22(G), (lu,v)y = (u, L*v)o, Vu € WZ3(G,bd)},

or, equivalently, we may define the space W(%;'f( G,bd™") as the closure of the function
space

W(sz)(Gebd+) = {Ull) <€ CZ(G—)’ vlr(,UyZUyz = O}’
with respect to the norm || - ||,.

Similarly, for the Gellerstedt-Neumann problem, we define the space W(%(,Z)(G, bd)
as the closure of the function space

W (G, bd) = {ulu € C*(G), d,ulr, = 0, ulr yr, =0},
with respect to the norm || - ||,. Analogously, the adjoint space W3’(G,bd") is
defined as the closure of the function space
Wi (G.bd*) = {vfo € C*(G), d,plr, = 0, ©l,u,, =0},
with respect to the norm || - ||,.
A function u € L*(G) is said to be a weak solution of (1.3) if
(u, L*v)y=(f,0)y, Vv €W (G,bd")
Similarly, u € L*(G) is a weak solution of (1.4) if
(u, L*0)g=(f,0), Vo€ WZ(G,bd").

It is known [2, 8] that a necessary and sufficient condition for the existence of a
weak solution of (1.3) and (1.4) is that the following inequalities hold.

(2.1) 1Ll > Cllolo. Vo € wE(G.bd").
(2.2) IL*olly > Cz”’)”()v Vo € W(N)(G»bd+)a
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where ¢,, i = 1,2, in the above inequalities denote positive constants. A similar set of
inequalities provide necessary and sufficient conditions for the existence of semi-
strong solutions [2, p. 80] of (1.3) and (1.4). Namely, if in addition to inequalities
(2.1) and (2.2), the inequalities

(2.3) ILully > csllully, VYu e W(ZG'Z)(G,bd)’ ¢ >0,
(2.4) [Lully > cqllully, Vu € wi3(G,bd), ¢4 >0,

are satisfied.
In the following sections we show that, under suitable hypotheses, (2.1)-(2.4) hold
for (1.3) and (1.4).

3. A priori estimates. For convenience we write the differential operator (1.1) in
the form

(3.1) L(u) = (A%u,)  +Au, i=1.2,
where
A" =k(y), A?=4"=0, A2=1.
Let
T= (x,,x2)= (X, y)» G+= Gn <y> O)» G-= Gﬂ (y <O)’
Gi=GnNn{x<0), G;=Gn {x>0}.
The repeated indices as a subscript or superscript denote a summation over

i, k = 1,2. Let a°(7), &'( ) be real-valued functions (to be determined) such that
(3.2)

a® € CH(G*) N C¥G7) N CG;), d(r)e Cc(G")nCY(G;)n C\(G;).
We denote
lim o =d,, lima' =a", u=au+au +du,.
y=0, y=0_ ’

Using the identity
(33) ux,.ux,xj = (uxkuxi)xj - ux,uxkx/»
by a simple calculation we deduce the identity
(3.4) 2(lu)(L(u)) = P; + P? — (ag)u’ — (au“)zc + 2apu.u, + azz",;v!)’
where
(3.5) P'=2k(y)u (lu) + a'()\u2 —k(y)u? - uf) —u’k(y)a®,

P?=2u,(lu) + 012()\142 —k(y)u? - uf) - u’a),

ag = -2a°A + Ao} + Aa? = k(y)al, — o,
a, = k()’)(“; - ai) —a’k'(y) + 2a%(y),
ap=ay = 0‘; +k(y)al,

a,, = —(aL - af,) + 2a°
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By the application of Green’s theorem, from (3.4) we obtain
(3.6)
ff o 2(1u)L u) dx dy +f/ aoou + ayul + 2auu, + azzuf) dx dy
= _P'n;ds
3G UAG
=f P'dy — P2 dx
3G
+/ o —a?)ul - 2(a, - o u,u,

=2(a5— a®)uuy + u? [ (%= a?)A + (a_(y’+— a,(v)—)]} dx,

where n = (n,, n,) denotes the outer normal to dG. From (3.6) with appropriate
choices of the functions a°, ', i = 1,2, we obtain

THEOREM 3.1. If p;, i = 1,2, are arbitrary postive real numbers and

) 2— <0, at—a'=0, - a’=0,
)
~ (2= a®)A + (=) >0,
(3.8) f P'dy — P?dx > 0,
3G
Ay =-ay —py () 20, 4,=-a, - paa?,
(39) A22 = —022 - Pl(az)z > Os A1|A22 - A|22 = 0’

Ao = ~agy = p,(a°)’ > dy > 0
in G, then we have
lullo < cl|lLully, ¢ >0, Yu € ¢*(G).

If, in addition, A,, - Ay, — A%, > d, > 0 in G, we have
lull, < cllLully, Yu € (G).

PROOF. With hypotheses (3.7) and (3.8), from (3.6) we have
(3.10)

—ff {agou® + ayul + 2apuu, + ayu} 2} dx dy < f 2(lu) fdx dy.
G'UG" G*uG

J

Using the inequality
2|ab| < pa* + b*/p, p >0,
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we obtain for the integral on the right side of (3.10) the estimate

|ff2f(1u) dx dy
G

ff{ —fr+p, [(a') u? + 2a'a? uu, + (az)zui]

+ _1_f2 + pz(ao)zuz} dx dy.
)
Thus it follows that
11 R
(3.11) ffG{A,,ug + 24 uu, + Aypul + Agu?} dx dy < (P_z + p—2)||Lu||0.

By hypothesis (3.9) we conclude that

lullo < el Lullo-
If, in addition, we have 4,,4,, — A}, > d, > 0in G, it follows that

Ayu?+ 24 uu, + Azzu;;’:

A, + 4 4A4,4,,— A4
(3.12) > Zu - 2l;- /1= ( 14 12) (uf+ u‘z)
(4, +A22)

> po(ul+ul),  po>0.
Thus
llull, < | Lullo-

In order to make use of these estimates in dealing with our boundary value
problems, we need to choose a, o', i = 1,2, so that estimates (3.7) and (3.9) hold,
and the boundary integral [,;P'dy — P2 dx is nonnegative. We first consider this

integral on Iy, where p = 0 is equivalently u, dx + u,dy = 0 on smooth pieces of
I',- Thus we have

(3.13)  2k(y)ePu,u,dy = ~2k(y)a’u? dx, 2a'uu,dx = -2a'uldy.
From the definition of P' and P2 (see (3.5)) and (3.13) it follows that

(3.19) f P'dy — P?dx =f [k(y)ui + uf][a' dy + o?dx].
o To ’
If on Iy we have the boundary condition d,u = k(y)u,dy — u,dx = 0, then

(3.15) fP dy — P2 dx -jr w{Na'dy — o?dx) — (k(y)aldy — adx))

— [ (k(y)u? + u?)(a'dy — a®dx).
T, '
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Since I') and v, are characteristics of (1.1), we have the relation (-k( y))"/* dy + dx
= (, which implies

(3.16) 2a°u(k(y)u, dy — u",dx) = 2a0u(— (k)2 (=k)"Pu dy — u.‘,dx)
= 2a%u(-k)"? du.
Integrating both sides of (3.16), we have
f 2a k(y)u,dy —u, dx) = a°(- k)" %u zlioQ/ 2¢1[oz°(—k)'/2].
Now using the fact that
(a'k(y)uf - o'ul + 2a2k(y)uxuy) dy + (azk(y)uf - o’ul — 2a'u,\.u_‘,) dx
= [(—k)l/zux - uy]z(a' dy + a*dx),

we obtain
(3.17)

/ P'dy — P?dx = ao(-k)]/2u2|§:gf [(—k)l/zux - uv]z(a' dy + o dx)
T Iy, :

1.Y2

+ uz{—d[ao(—k)lﬁ] +(a'}\—k(y)a2)dy+ ( a’ + a )dx}

Ty,

In a similar way, noting that the characteristics I,, v, satisfy the relation (—k)'/* dy
— dx = 0, we obtain
(3.18)

[ P'dy - Prdx = -a®(-k)"u 2“/ [( K)u, + u,|’(o dy + a2 dx)
T

2N

+ u2<d[a°(—k)'/2] + (A= k(y)ad)dy + (—az}\ + a_?,) dx}.

L

4. Existence of solutions for the Gellerstedt problem. We recall that in order to
prove the existence of a weak solution for problem (1.3) it is sufficient to show that

[L*olly = cllolly, Vo € wi?(G,bd").

We observe that the characteristics for L* satisfy the equations
Vokdy —dx|, . =0, V-kdy+dx|r,, =0

Using the above equations and recalling that the functions in wi*(G, bd*) satisfy the
boundary condition v|leYz 0, we have [, , P'dx — P?dy = 0. Now from Theo-
rem 3.1 and (3.17), (3.18) it follows that

IL*ollp > clollo, Vo € wg?(G,bd*),

provided the functions a®(7), &'(7), i = 1,2, satisfy the following conditions in G.
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C,:InG*= G N {y > 0) we must have

o' dy + a? dx|r0 > 0,

Ay = —k(y)(a — a2) + o®k'(y) = 2a%(y) = p,(a')* > 0,
A, = —k(y)ai - a_l)' - Pla]"‘z’

Ay = (a.lx - "‘.ﬁ) —2a° - Pl(az)z >0,

Ao = k(y)al, + af, + 2Aa® — Aa} — e} — p,(a®) > d, > 0,
Apdy —AH > 0.

C,:OnG N {y=0),

(4.1)

a2-a’<0, a,—a'=0, a%—a’=0,

4.2
(4.2) —(a2- af))\+(a2+— aﬁ_);O.
C;:In G™= G N {y < 0) we need the inequalities:

onT: (-a'dy + a?dx) > 0,

Wk [ VK + 8] - e X - a¥/KA > 0;

2V-k
(4.3) onTy: (-a'dy + «?dx) > 0,
k’
2k | +V-kal + a®| — a° + a'A — a®/-k A = 0;
[ o a'v] s

A, >0, Ap>0, Ap>d, >0, A Ay — A4}, >0,

where 4,,, 4,,, and Ay, are defined as in (4.1).

747

We write G™= G| U G5, with G; = G'N{x <0}, G; = G"N{x > 0) as in §3.
Now we choose the functions a®(7), &'(7), i = 1,2, separately in G| and G; so (4.3)

is satisfied. In G; we impose on a' and a? the conditions
(4.4) o —V-ka?=0, o*k'(y)—4k(y)a®=0.
From (4.4) it follows that

V-k(a' = V-ka?), + (a' = V-ka?),=0.
Letting
(4.5) E = (ol — o2 —2a° - p,(a?)?),
Ay, 4), and 4,, may be written

Ay =-k(y)E, A, =V-kE, Ay=E.
Hence

ApnAy — A|22 =0.

From (4.3) we must have A4,, > 0 and A,, > 0; therefore we require that £ > 0 in

G . Using (4.4), this condition may be written as a condition on a°, namely

. , 2
(4.6) 4%[—@0{2 + a_?] - 2a°(1 + 2(%) ) - l6p,(%a°) > 0.
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Similarly if we write the conditions (4.3) on I, and the condition 4y, > d;, > 0 in
terms of a®, we obtain

_ 3/2 r\2
(4.7) \/I[—\/—J('a2+a2]+4>\a% (l—l—éx(%))zo onT,,

R“l;:-

(4.8) Ao =k(y)al, +ad, + 4A%Q[Ma2 + ag] + 2\’ (1 - 2(

il

—p(a%)" > dy > 0.
Now we choose in G,
(4.9) a®=a’%y) and o°(y)<0.
Since A < 0 in G, with this choice of a°, from (4.8) we have

_ kY _d[ o 4k o\ _

(410) o +47\( )a 4a (k)—dy(ay k,a)—d0>0.

By integration (for y, < y < 0 (P = (-3, y,)), we get

(4.11)
0 _ (0 k o _ [0 _ 0 k
a’(y) exp( [l=y4)\k,dz){a00 f'=yd0(t y)pcxp('/;=t4>\k,ds)dt}<0
ay(y) =4 a® + do(y ~ 3,),

where ag, < 0 is an arbitrary constant.
A simple computation shows that with (4.11) condition (4.7) is satisfied. From
(4.6) it follows that

k \? k —k k o)\2
@12) 2a0ls(£) + 142 K]+ 45 - ) - 160, (£e) 50
Hence if
k'(y) >0 in G; Nn{y <0},
k\? k o
(413) 8A(P) +1+2(F) >0 1nG,,

. k\ k(y)
] (1+2(—,))>0, li -0,
s K yeo- k()

then (4.12) holds and we have

(4.14) a®=0ag(<0), o) =ayy,(>0).

Now consider the choice of a°, a' and a? in G; = G N{x > 0}. In G; we impose on
o' and a? the conditions

(4.15) o +V-ka’=0, o’k —4ka®=0

which lead to

E (& VR ), - (a4 (), =
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Using (4.5) we have, as before,
A, = -k(y)E, A,=V-kE, A, =E.

Hence, once again, 4,,4,, — A}, = 0. From 4, > 0, A,, > 0, we must have E > 0.
With (4.15) this condition, conditions (4.3) on I', and 4y, > d, > 0, can be written
in terms of a° as

(4.16) 49 [J_ka +a]—2a0(1+2+(-,§)) l6p|(k, )220,

(4.17) \/-[‘/_a +a]+4}\a(klf)a/z(l—TéX(]Z)z)>0 onT,,

(4.18) Ay =k(y)ad, +af, + 4)\(;C—If) [—Mag + ag]

+2Ma°(1 = 2(k/k’) = py(a°)’ = dy > 0.

Now if we choose a° as given by (4.11) and assume (4.13) holds in G5, conditions
(4.16)—(4.18) are satisfied and (4.14) follows as before.

With a° given by (4.11) conditions (4.4) and (4.15), with lim,_,(k/k’) = 0, imply
that

a®=ad(<0), af =-dy,>0, a'=a>=0.

Thus we may choose in G™,
(4.19) a' =0, o®=0, oa°(y)=/(-doy,)y + a,

and since G is bounded, a), can be determined so that a®(y) < 0in G™.
For a°, !, a? as given by (4.19), conditions (4.1) are satisfied, i.e.,

A” = —2k(y)0( O AIZ O A22 = —20[ O
AOO = ZAa - pz(ao) > da‘ > O

(with arbitrary positive constant p, chosen sufficiently small).
Now we may state our results as

THEOREM 4.1. If

(1) sgnk(y)=sgny, k(y)€ CUG)NCHGN{y <0, k(y)>0 in GN
{y <0},
m ey =0 (1)) 20 a(E) w1eal)

= 1 1+2{=5)]>0, 8N\ +1+2|5}| >0

y—0 k'(y) 0. _yirg- k' k k
inG=Gn{y<0).

@A <0, f(x, y) € LX),
then there exists a weak solution u € L*(G) of the Gellerstedt boundary value problem

L(u)=k(y)u, +u, +Au=f(x,y) inG, ulr,ur,ur, = 0-

REMARK. Our a priori estimates imply the uniqueness of a strong solution (if it

exists) of the boundary value problem L*(v) = f, UlroUYlUYz = (. The essential



750 A. K. AZIZ AND M. SCHNEIDER

restrictive assumption in Theorem 4.1 is the condition
(4.20) 8A(k/k’)’ + 1+ 2(k/k’)>0 inG.

Agmon, Nirenberg and Protter [1] proved the uniqueness of a strong solution for the
Tricomi problem by the use of a maximum principle. This proof applies equally well
to the Gellerstedt problem. On p. 64 of [1] the “conditions A” are essential. If we
calculate for (1.1) the condition A5 of [1], we obtain

8A(k/k') +1/2+2(k/k’) >0 inGnN{y<0).

Thus our condition is an improvement for the uniqueness of a strong solution of the
problem L*(V) = f, v|FOU nuy, = 0- To establish the existence of a semistrong
solution of (1.3) we need, in addition, to show that the a priori estimate

IZ()llo > ellullo, >0,  Vuewii(G,bd)

holds.
From the proof of Theorem 4.1, we see that we need only interchange o' and o’
(in (4.4) and (4.15)) in G| and G;. Thus we have

THEOREM 4.2. Under the hypotheses of Theorem 4.1, the boundary value problem
(1.3) has a semistrong solution. If a strong solution exists, then this solution is unique.

For the special case when k(y) = sgn y|y|™, m > 0, in (1.3), from Theorems 4.1
and 4.2 we obtain

COROLLARY 4.1 The Gellerstedt boundary value problem (1.3) with k(y)=
sgn y|y|™, m > 0, f € L*(G) has a semistrong solution if

(4.21) (-n) <1 E2 [ﬁ]”"’wm, A <0.
This result can be improved in case n > 2. In thiscasein G'= G N {y < 0}
(4.22) o = —(a/m)(-y)"T ot = (4/m)e,
a® = ay = constant < 0,
andin G™,
(4.23) o =a>=0, a°=a, = constant < 0.
We get

COROLLARY 4.2 The Gellerstedt boundary value problem (1.3) with k(y)=
sgn y|y|™, m > 2, A <0, f € L(G) has a semistrong solution.

5. Existence of solutions for the Gellerstedt-Neumann problem. As it is readily seen
from part 3, to prove the required estimates for the Gellerstedt-Neumann boundary
value problem (4.1) we need only replace (3.14) by (3.15) in §4. Using (4.4) and
(4.15), however, it turns out that it is not useful to determine a’( y) by (4.11) in G,
because in this case we cannot continue a° into G*, so that on G N{y = 0}
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condition (4.2) is satisfied. Instead we determine a in G~ to be

(5.1) a®(y) = Qe /rark/kd g8 = constant < 0,
with
(5.2) a’=afy and =0 if lim 7("— = 0.

: s

A simple calculation shows that all of the above requirements in G ~—(4.6)-(4.8) and
(4.16)—-(4.18)—are satisified if in G~ we have

(5.3) 8N(-k)2 /(K'Y + 1 + 2(k/k’) > 0.

Choosing a°(y) = ady(< 0), ' = «®> = 0 in G*, we see at once that condition (4.2)
on G N {y = 0} and condition (3.15) on I, are satisifed. Thus from (4.1) we obtain

Ay, = -2a%k(y) >0, A,=0, A, =-2a">0,
Ay = 22a® — p,(a?)’ > d, > 0.

Hence we have
THEOREM 5.1. If B B
(1) sgnk(y)=sgny, k(y)€ CUGNCHGN{y <0), k(y)>0 in GN
{(y <0}

| =

: - k(y) (-k)*? ( k )
| =0, BA——+1+2(—=] >0
,) ) > 0. .\'E{)l— k/(y) k

lim (1 + 2( oy

y—0-

>~

in G,

(@) f(x, y) € LX(G), A <0,
then there exist a weak and semistrong solution u € L*(G) of the boundary value
problem (1.4).

REMARK. If (1.4) has a strong solution, from our a priori estimates it follows that
this solution is unique. For the special case when k(y) = sgn y|y|”. m > 0, in (1.4),
it is easy to show that (5.3) is stronger than (4.20). For m > 2 if the functions a', a?,
a® are chosen as in (4.21) and (4.22), the conclusion of Theorem 5.1 holds for (1.4) if
A <0and f € L*G).
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